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a b s t r a c t

This paper presents a steady-state concept model for studying the thermal behavior of a greased aircraft
landing gear lower slider bearing. Structural damage has been reported as a consequence of excessive
heat generated by the high loads induced by rough runways on the bearings, and by the high sliding
velocities of the piston. The goal of the model is to enable fundamental understanding of the frictional
heat generation. The governing equations are adapted for grease flow and special attention is given to
the underlying algorithm of the developed numerical framework used to efficiently solve the governing
equations. The developed numerical code is validated against existing results. Numerical results indicate
fundamental differences in fluid flow behavior between greased and oil-lubricated bearings.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In civil aviation, aircraft are required to operate on a variety of
runways. As a result, investigations into aircraft maneuvering on
rough runways are necessary. High loads on the shock absorber
bearings and high sliding speeds induced by rough runways lead to
excessive heat generation at the slider bearings, eventually causing
structural damage.

The root cause of the reported overheating issues has been
postulated to take place at the lower bearing–piston sliding
interface of the main landing gear (MLG) (see Fig. 1).

Since the derivation of the Reynolds equation for very thin fluid
films more than a century ago, elasto-hydrodynamic (EHD) studies
have focused on the isothermal performance in order to design high
efficiency bearings. For more than 30 years, lubrication studies have
been extended to include temperature effects [2]. Many of the
thermo-elasto-hydrodynamic (TEHD) studies were steady-state and
focused on the performance of the bearings [3–8]. Recent literature
on the performance of slider bearings is very scarce [9].

Transient TEHD analyses are the exception and only a few
studies have focused on vibrations or oscillating machinery parts
[10]. Non-Newtonian lubricants have been the objective of several
studies, but were very often restricted to lubricants that are shear
thinning/thickening [11–15]. One of the most common lubricants,
namely grease, has not been considered very frequently [16–18].

Currently, the focus of numerical TEHD studies has shifted to
computational fluid dynamics (CFD). The differences between
solving the complete Navier–Stokes equations by CFD and solving
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Fig. 1. Main landing gear (MLG) [1].
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the Reynolds equation are generally small (within 1%) [19]. The
general aim of this study is to develop a TEHD model that can be
solved in the most efficient way with minimum computational
effort. The goal of this paper is to highlight the mathematical
derivation of the governing equations which enabled quantitative
assessment of the overheating problems. Although a steady-state
regime never occurs when an aircraft is maneuvering on a rough
runway, it may be modeled as a sequence of steady-state simula-
tions, each with initial conditions of the previous run that results
in a fully transient simulation.

2. Methodology

To the best of our knowledge, slider bearings of landing gear
(LG) have not yet been analyzed from a TEHD point of view, since
no immediate need has existed thus far. Very high accuracy such
as that provided by full CFD is not sought for lubricated contacts in
slider bearings of aircraft LG. The main characteristics of the TEHD
model for aircraft LG are very fast computation times for nearly
exact solutions, including the freedom of using different rheolo-
gical models and integration to an existing framework in industry.

2.1. Model definition and assumptions

The Concept Model shown in Fig. 2 uses an adapted Reynolds
equation and is strongly coupled to the energy equation. The goal
of the Concept Model is to derive the modified Reynolds equation

for a 2D thermal analysis involving vertically moving solids. In
addition, the aim of the Concept Model is to accurately calculate the
temperature field in the fluid and structure domains. The tem-
perature field in domain k¼1,2,3 is defined as θk

: ΩðkÞ
-R such

that ðx; yÞ↦θkðx; yÞAC2ðΩðkÞÞ.
The assumptions are in line with the standard assumptions of

the Reynolds lubrication theory. Throughout the present analysis,
a line contact with no side leakage is assumed. The surfaces in
contact with the lubricant are assumed to be smooth. The grease
itself is modeled as a Bingham plastic with a power law of order
m¼1. The viscosity of the base oil is dependent only on pressure
and temperature, and the lubricant is assumed to be entirely
incompressible (ρ;p ¼ 0 and ρ;θ ¼ 0). In the derivation of the
modified Reynolds equation, all the body forces, surface tension
forces, as well as the lubricant's inertia forces are omitted
ðDv=Dt ¼ 0Þ. The structural components surrounding the lubrica-
tion gap are considered to be linear and isotropic. The shock
absorber oil and surrounding air temperatures are constant. All
fluid velocities are Oð1Þ (vy ;x bϵ2vx ;y ) and the pressure derivatives
are not of equal order: p ;y bp ;x . To simplify the Navier–Stokes
equations, higher order velocity derivatives across the gap are
ignored: η ;yvy ;x bvx ;xx . The thermal conductivity λ of the fluid
film is constant (λ;θ � 0) for the considered temperature range.
Convective cooling along the film is ignored and the flow within
the lubrication gap is considered to be laminar.

The boundary l of the domain k is denoted as Γkl. The fluid–
structure interfaces between the domains k and k0 are denoted
as ð8k; k0 : kak0Þ Γk=k0 ¼Γk0=k. The normal vector to the interface

Nomenclature

A matrix of linear system
Aþ ;�
1;2 velocity field parameters

Aði;jÞ matrix coefficient at row i and column j
Ak velocity parameter k
α thermal expansion coefficient (αs: solid)
B; L characteristic width and length of structure
b right-hand-side vector
c bearing lubrication profile
c0 plug flow thickness
c0 static minimum clearance
cp lubricant's heat capacity
δc radial displacement of the plug from centerline
C bearing configuration set
~C
x
k;

~~C
x
k integral factor (simple and double integral)

∂ border to domain Ω: ∂Ω¼ Γ
~Γ1; ~Γ2; ~Γ3 Reynolds equation parameters
_γ lubricant shear rate
_γ shear rate tensor
d displacement vector field
D stretching tensor
e lubricant's energy
e numerical error vector
E stiffness matrix
ϵ ratio of c0 to Lc
ϵ strain tensor
f external force vector
F i functional i
Fx; Fy horizontal and vertical forces
h heat transfer coefficient
η lubricant's viscosity (ηn: base oil viscosity)
η0 lubricant's viscosity at ambient temperature
H viscosity functional

θ temperature field (θg: drop-point)
i; j; k dummy indices
λ lubricant's thermal conductivity (λs: solid)
λ0 second viscosity parameter
Lc bearing length
μ bearing friction coefficient
m order of power law for lubricant's shear stress
Mz bending moment
n normal unit vector to Γ
N integer for vector/matrix size
p pressure field
R internal radius of piston
r residual vector
ri vector coefficient at row i
ξ volumetric fraction of thickener and oil
ρ lubricant's density (ρs: solid)
s slope of thrust portion of bearing
_s shock absorber relative sliding speed
r stress tensor
T Cauchy stress tensor
τ shear stress field
τ0 initial shear stress of grease
~U characteristic velocity
v fluid film velocity vector field
v0y plug flow velocity
vyþ ; vy� velocity in � region (velocity in ⊖ region)
~v approximate solution vector
v̂ numerical solution vector
wx;wy;w0

y normal, tangential and shear loads
x; y radial and vertical positions
xþ ; x� plug flow boundaries
y0 length of thrust portion
Ω spin tensor
Ωk domain k
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k=k0 is denoted as nk=k0 . Consequently, 8k; k0; kak0 : nk=k0 ¼ �nk0=k.
The total boundary of the computational domainΩðkÞ is denoted as
ðk¼ 1;2;3Þ Γk ¼ ∂ΩðkÞ ¼ [ l ¼ 1;…;4Γ

kl\Γ1=2\Γ2=3, where some
boundaries for the different domains consist of sub-boundaries
such as Γ12 ¼Γ012 [ Γ″12 [ Γ1=2. Similarly, Γ22 ¼Γ2=3; Γ24 ¼Γ2=1,
Γ31 ¼Γ031 [ Γ″31 and Γ34 ¼Γ034 [ Γ3=2.

2.2. Numerical algorithm

The model presented in this paper is an FSI (fluid–structure
interaction) model and is solved using a customized version of
ANSYS. The thermo-mechanical analysis of the structure is per-
formed using the finite element (FE) method, whereas the fluid
equations are solved with in-house FORTRAN code. The underlying
algorithm is shown in Algorithm 1. Heat and load transfer between
the fluid and the structure occurs through the FSI boundaries. The
governing equations are strongly coupled together, which involves
solving the governing equations in the solid and fluid domains at
each time step in a staggered way until convergence. Convergence

is achieved at each time-step for the solution of the coupled
physics equations. If the lubricant is not present anymore (was
burned or lost), the heat is generated by the mechanism of dry
friction [20].

Algorithm 1. Algorithm of the developed strongly coupled
TEHDCFD–FSI simulation (steady-state).

BEGIN
�STRUCTURE�
Allocate Memory (Global Variables)

Read Geometry, ~U , f, d0, r0, θs0

�FLUID�
Read C, p0, v0, q0, θ0,τ0

Allocate Memory (Local Variables)
DO WHILE (p has globally not converged)
DO WHILE (θ has globally not converged)

�STRUCTURE – CONTACT ALGORITHM�
Determine contact elements
�FLUID – MULTIGRID FOR p�
Read d, p
Reduction of grid to lower spatial dimension
DO WHILE (p has locally not converged)
Multigrid for Reynolds equation

END DO
Extension of grid to higher spatial dimension
Calculation of v
�FLUID – MULTIGRID FOR θ �
Read θð0; yÞ and θðc; yÞ
DO WHILE (θ has locally not converged)
Multigrid for energy equation

END DO
Calculation of τ, xþ , x� , q, η
�STRUCTURE – THERMO-MECH. SOL.�
Read and apply p and qð0; yÞ, qðc; yÞ
Solve for d, r and θs

END DO
END DO
Save p, θ, η, τ, r, θs
Calculate μ
Deallocate memory (local variables)
Output analysis summary
Deallocate memory (global variables)
END

3. Theoretical model development

3.1. Rheological model

The dynamic viscosity ηn

0ðp;θÞ as a function of pressure and
temperature of the base oil of the lubricant is shown in Fig. 3. The
data has been extrapolated from experimental data [21] to cover a
wide range of pressures and temperatures. The viscosity is
dynamically interpolated in the developed TEHD numerical
code (on-demand interpolation). This has the advantage that any
lubricant can be used, as long as the viscosity ηn

0ðp;θÞ as a function
of p and θ is known. The lubricant's viscosity dependency on the
shear rate can be modeled using the power law such that
ηnðp;θ; _γ Þ ¼ _γm�1 � ηn

0ðp;θÞ, where m is the order of the lubricant.
The effect of the shear rate is taken into account with the
Herschel–Bulkley model [17]: τ¼ τ0þηðp;θÞj _γ jm. The grease's
viscosity is given as a function of the base oil viscosity
η¼ ηnð1þ0:25 � ξÞ, where ξ is the volumetric fraction of thickener
and oil [17]. The typical range for ξ for aircraft LG specific greases

Fig. 2. Concept Model definition.
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is ξ¼ 0:1–0:12. For a Bingham fluid such as grease, the order of
the lubricant is m¼1. The grease's drop point is the temperature
at which the grease transforms from a semi-solid state into a
liquid state.

For the considered grease, the drop point is around 260 1C. The
flash point (temperature at which the grease ignites) is lower at
235 1C. The useful operating temperature is considered to be in the
range of �65 1C to the maximum temperature of θg ¼ 204 1C.

3.2. Fundamental equations (structural domains)

In general, the steady-state equilibrium in the structural
domains is given by (ignoring any body forces, k¼1,3) ∇rk ¼ 0.
The infinitesimal strain tensor in domain k (including thermal
expansion) is given by

ϵk ¼ 1
2

2dkx;xþ2αk
sΔθ

k dkx;yþdky;x

dky;xþdkx;y 2dky;yþ2αk
sΔθ

k

2
4

3
5 ð1Þ

The fundamental stress–strain relationship in domain k is
rk ¼ Ekϵk, where Ek is the stiffness matrix (stress–strain matrix)
of body k. The governing transient temperature diffusion equation
for constant λðiÞs can be written as θðiÞ

;xxþθðiÞ
;yy ¼ 0.

3.3. Fundamental equations (fluid domain)

3.3.1. Conservation of mass
The steady-state conservation of mass is v � ∇ρþρ∇v¼ 0. In

general, the density is variable and the density spatial derivatives
are

ρ;x ¼ ρ;pp;xþρ;θθ;xCρ;θθ;x

ρ;y ¼ ρ;pp;yþρ;θθ;yCρ;pp;y

(
ð2Þ

For a compressible lubricant, the divergence of the velocity
field can be expressed as vx;x ¼ �vy;y�ρ�1ρ;pp;yvy which reduces
to tr D¼ 0 for an incompressible lubricant (∇ρ¼ 0).

3.3.2. Conservation of momentum
The definitions of the stretching and spin tensors follow [22].

The gradient of the velocity field in the domain of the lubricant is
given by ∇v¼DþΩ, where Ω is the anti-symmetric spin tensor.
The symmetric stretching tensor D is defined as D¼ 1

2 ð∇vþð∇vÞT Þ.
The stretching tensor is written as follows, making use of Eq. (2):

D¼ 1
2

�2vy;y�2ρ�1ρ;yp;yvy vy;x
vy;x 2vy;y

" #
ð3Þ

The shear rate tensor _γ is defined as _γ ¼ ∇vþð∇vÞT ¼ 2D. The
norm of the shear rate tensor is defined as

_γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D : D

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 trðDTDÞ

q
ð4Þ

where the inner product (Frobenius inner product) of two tensors
T and D is defined as T : D¼ trðTTDÞ. For an incompressible
lubricant (and by considering that v2y;y51), the shear rate is
defined by _γ ¼ jvy;xj. The shear rate variation across the film is
zero: _γ ;x ¼ 0. The general Cauchy stress tensor for a compressible,
non-Newtonian fluid is given by

T¼ ð�pþλ0 tr DÞIþ2ηD ð5Þ
The general steady-state Navier–Stokes equations (omitting the

body forces) are ∇T ¼ 0. By deriving Eq. (5), the gradient of the
stress in the incompressible lubricant is given by

∇T¼ �∇pþη∇2vþ2D∇η ð6Þ
By ignoring all inertia effects of the lubricant as well as the

body forces, the Navier–Stokes equations for an incompressible
non-Newtonian lubricant reduce to

∇p¼ η∇2vþ2D∇η ð7Þ
The components of Eq. (7) are

p;x ¼ ηðvx;xxþvx;yyÞþ2vx;xη;xþðvx;yþvy;xÞη;y
p;y ¼ ηðvy;xxþvy;yyÞþ2vy;yη;yþðvx;yþvy;xÞη;x

(
ð8Þ

In order to evaluate the importance of each term in Eq. (8), an
order of magnitude analysis is performed. For this purpose,
dimensionless quantities are defined such that

ϵ¼ c0
Lc
51; x¼ xc0 ¼ ϵLcx; y¼ Lcy ð9Þ

η¼ η0η; vx ¼ ϵ ~Uvx ; vy ¼ ~Uvy ; p¼ η0 ~U
ϵ2Lc

p ð10Þ

where ~U is a characteristic velocity. Using the dimensionless
quantities from Eqs. (9) and (10), the components of Eq. (8) can
be written as

ϵ�2p ;x ¼ ηðϵ2vx ;yy þvx ;xx Þþ2η ;xvx ;x þη ;y ðϵ2vx ;y þvy ;x Þ
p ;y ¼ ηðvy ;xx þϵ2vy ;yy Þþ2η ;yϵ

2vy ;y þη ;x ðϵ2vx ;y þvy ;x Þ

8<
: ð11Þ

Eq. (11) can be further simplified to

p ;x ¼ ϵ2η ;yvy ;x ffi0

p ;y ¼ ηvy ;xx þη ;xvy ;x þ2η ;yϵ2vy ;y

8<
: ð12Þ

It is important to note that the order of the pressure gradient is
not the same as the order of the velocity gradient. Finally, the
pressure gradients can be written as

p;x ¼ 0; p;y ¼ ðηvy;xÞ;x ð13Þ

3.3.3. Film thickness
The initial, undeformed film thickness for a simple slider bearing is

given by cðyÞ ¼ c0þsð1�y�1
0 yÞ for 0oyry0 and cðyÞ ¼ c0 for

y0oyoLc. The film thickness is a driving parameter in the TEHD
solution. Although the film thickness is not derivable at y¼ y0, the film
thickness is smoothed in the vicinity of y¼ y0 in order to achieve
numerical convergence. The clearance is updated during the solution
process using the calculated displacement field d. The clearance is
modified using c’cþdð3Þx �dð1Þx until convergence is reached.

3.3.4. Velocity profile
As stated in [16,17], grease differs from oil flow in small

lubrication gaps by the existence of plug flow. The plug consists

Fig. 3. Base oil dynamic viscosity ηn0ðp; θÞ as a function of pressure p and
temperature θ.
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of a semi-solid part that is not sheared at the same rate as the rest
of the lubricant within the lubrication gap. The plug flow region is
illustrated in Fig. 4.

In order to account for variable dynamic viscosity in the
lubrication gap, the integral factors ~C

x
k and ~~C

x
k are defined as

~C
x
k ¼

Z x χk

ηðχÞdχ;
~~C
x
k ¼

Z xZ χ χ̂ k

ηðχ̂ Þdχ̂ dχ ð14Þ

The positions of the plug inside of the film are defined by

x� ¼Δcþc�c0

2
; xþ ¼Δcþcþc0

2
ð15Þ

The boundary conditions of the flow are vyjx ¼ c ¼ 0 and
vyjx ¼ 0 ¼ ~U . The continuity condition of the velocity profile at the
plug flow boundaries is v0y ¼ vyþ jx ¼ xþ ¼ vy� jx ¼ x� .

The positions of the plug inside the film are defined by
xþ ; x� AΩð2Þ : τðx� ; yÞrτ04τðxþ ; yÞrτ0. From Fig. 4, we have
xþ ¼ x� þc0. The velocity profile in the ⊖ and � regions can be
determined from the pressure gradients by integration of the conserva-
tion of momentum. The velocity profile consists of three distinct
regions. The velocity field in the ⊖ region is ðfor 0rxrx� Þ

vy� ¼ ~C
x
1�A�

2
~C
x
0

� �
p;yþv0yA

�
1
~C
x
0þ ~U 1�A�

1
~C
x
0

� �
ð16Þ

and similarly in the � region ðfor xþ rxrcÞ

vyþ ¼ ~C
x
1�Aþ

2
~C
x
0� ~C

c
1þAþ

2
~C
c
0

� �
p;yþv0y Aþ

1
~C
x
0�Aþ

1
~C
c
0

� �
ð17Þ

where ~C
x
0;

~C
x
1 are defined by Eq. (14) and where the velocity field

parameters are given by (if xþ ac and c0a0)

A�
1 ¼ ~C

x�
0

� ��1
; A�

2 ¼ A�
1
~C
x�
1 ð18Þ

Aþ
1 ¼ ~C

xþ
0 � ~C

c
0

� ��1
; Aþ

2 ¼ Aþ
1

~C
xþ
1 � ~C

c
1

� �
ð19Þ

For the special case of a sticking plug on one of the sides of the gap
(e.g., when xþ ¼ c) or when no plug is present such that c0 ¼ 0 (i.e.,
when x� ¼ c=2), the coefficients of the velocity profile are A7

1;2 ¼ 0.
The shear stress at the plug flow boundaries must be equal such that
jηvy� ;xjx ¼ x� j ¼ jηvyþ ;xjx ¼ xþ j, which yields the plug flow core velo-
city v0y. The fluid film velocity in the semi-solid plug region is
constant (for x� oxoxþ , xþ ac and c0a0)

v0y ¼
c0 þA�

2 �Aþ
2

A�
1 �Aþ

1
p;yþ

A�
1

A�
1 �Aþ

1

~U ð20Þ

3.3.5. Reynolds equation
The steady-state Reynolds equation is derived from the con-

tinuity equation for grease flow by integration of the three-
regional velocity profile:

�ρ
Z x�

0
vy� dx�ρ

Z xþ

x�
v0y dx�ρ

Z c

xþ
vyþ dx

� �
;y

¼ 0 ð21Þ

After integration, the steady-state Reynolds equation can be
written as

ρp;y ~Γ1

� �
;y
¼ ρ ~U ~Γ2þρv0y ~Γ3

� �
;y

ð22Þ

where ~C
x
0;

~C
x
1 and ~~C

x
0;

~~C
x
1 are defined in Eq. (14) and where (for

xþ ac and c0a0)

~Γ1 ¼ ~~C
xþ
1 � ~~C

c
1� ~~C

x�
1 þA�

2
~~C
x�
0 þAþ

2
~~C
c
0� ~~C

xþ
0

��
þðc�xþ Þ ~C

c
1�Aþ

2
~C
c
0

� �
ð23Þ

and where

~Γ2 ¼ x� �A�
1

~~C
x�
0 ð24Þ

~Γ3 ¼ A�
1

~~C
x�
0 þAþ

1
~~C
c
0� ~~C

xþ
0

�
�Aþ

1
~C
c
0ðc�xþ Þþc0

�
ð25Þ

3.3.6. Energy equation
The general conservation of energy within a fluid is shown as

ρ
De
Dt

¼ λθ;xxþλθ;yyþT : D ð26Þ

where e denotes the lubricant's internal energy and λ is the
lubricant's isotropic thermal conductivity. In consideration of the
model assumptions, Eq. (26) can be written as

ρð _eþv � ∇eÞ ¼ λθ;xx�ρpv � ∇ðρ�1Þþ2η trðDTDÞ ð27Þ
For an incompressible lubricant, the tensor product of the

stretching tensor with itself is defined as trðDTDÞ ¼D : D¼ _γ2=2,
where _γ is given by _γ ¼ jvy;xj. For an incompressible lubricant, the
steady-state energy equation is

ρv � ∇eþρpv � ∇ ρ�1� �¼ λθ;xxþηv2y;x ð28Þ

The energy differential can be expressed as a function of known
quantities (by following [23])

∂e¼ cp∂θ�θ ρ�1� �
;θ∂p�p∂ ρ�1� � ð29Þ

Eq. (29) takes a simplified form for the case of constant density:
∂e¼ cp∂θ. It has been shown in [23] that convective cooling in a
hydrodynamic bearing is generally not as important as conduction
cooling. For the lubricant film, the steady-state temperature field is
governed by

λθ;xxþαvyp;yθþηðp;θÞv2y;x ¼ 0 ð30Þ

where the coefficient of thermal expansion α is defined by
α¼ ρ ρ�1

� �
;θ . The Dirichlet boundary conditions for the pressure

field are provided by the pressure of the connecting oil chambers
in the LG shock absorber and the atmosphere.

3.3.7. Normal, tangential loads and friction coefficient
The tangential load is zero at the slider side wyjx ¼ 0 ¼ 0,

because the profile of the contacting surface is flat, but a zero
tangential load does not imply that the shear load is zero.
The profile of the bearing contacting surface is a function of y.
The normal wx and the tangential wy load components are

Fig. 4. Velocity profile of grease flow in the lubrication gap.
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calculated from the hydrodynamic pressure field as

wx ¼
Z
0

Lc

pðyÞ dy; wyjx ¼ c ¼
Z
0

Lc

c � p;y dy ð31Þ

The shear forces at the contacting surfaces are determined from
the stress field as

w0
yjx ¼ 0;c ¼ 7Lcτ07

Z
0

Lc

ηðp;θÞj _γ j x ¼ ½0;c� dy
		 ð32Þ

The static equilibrium of the generated forces at the sliding
interfaces is w0

yjx ¼ 0þw0
yjx ¼ cþwyjx ¼ c ¼ 0. The key parameter that

is calculated by the TEHD code is the friction coefficient, which is
the ratio of the sum of the tangential and shear loads, and the
normal load

μ¼ �w0
yjx ¼ 0

wx
¼w0

yjx ¼ cþwyjx ¼ c

wx
ð33Þ

3.4. Cavitation and boundary conditions

By following [24], the eventual cavitation of the lubricant is
taken into account using the Swift–Steiber condition that sets p¼0
for pr0.

The pressure at both ends of the lubricated region is defined as
pjy ¼ f0;Lcg ¼ 0. A boundary between media k and k0 is constrained as

dkxjΓk=k0 ¼ 0; dkx;yjΓk=k0 ¼ 0. The vertical motion is imposed by

_d
1
y jΓ13 ¼ ~U .
The boundary conditions at y¼0 and y¼ Lc of the temperature

field are continuous Dirichlet boundary conditions and depend on
y and t. A stress-free solid boundary between body k and medium
k0 is given by rknk=k0 ¼ 0. The temperature of the medium
connecting to the convective boundary is denoted as θk0 . The
condition for a convective heat flux at the boundary k=k0 is given
by

∇θk � nk=k0 ¼ �hk=k0

λk
θk�θk0
� �

ð34Þ

If the boundary k=k0 is adiabatic, the heat transfer coefficient is

zero: hk=k
0
¼ 0. At the boundary between bodies k and k0, the

displacement field has to be compatible, which is ensured by

dkj
Γk=k0 ¼ dk0 j

Γk=k0 . The shear stresses at both interfaces (fluid and
structure) have to be equal. The traction equilibrium is given by

rknk=k0 ¼ �rk0nk0=k ¼rk0nk=k0 . The heat flux at the interface is

conserved by λk∇θk � nk=k0 ¼ �λk
0
∇θk0 � nk0=k. The temperature field

between two bodies k and k0 must be continuous at the boundary:

θkj
Γk=k0 ¼ θk0 j

Γk=k0 . The pressure equilibrium condition reads Fx¼wx,
where Fx is the applied load. A summary of the applied external
boundary conditions is provided in Table 1.

3.5. Special case I: Constant viscosity grease

If the viscosity of the lubricant is considered to be constant, the
Reynolds equation (Eq. (22)) can be simplified. In this particular
case, the velocity profile is defined in the ⊖ region by

vy� ¼ p;y
2η0

x2þ v0y� ~U
x�

� p;y
2η0

x�

 !
xþ ~U ð35Þ

and in the � region by

vyþ ¼ p;y
2η0

x2þ v0yx

xþ �c
�p;yx
2η0

ðcþxþ Þþ
p;y
2η0

xþ c�
v0yc

xþ �c
ð36Þ

The uniform plug flow velocity is defined by

v0y ¼ ~Uþ p;y
2η0

ðc0 �cÞx�

� �
c�xþ
c�c0

ð37Þ

For constant viscosity, the integral factors of the Reynolds
equation (Eq. (22)) are ~Γ2 ¼ x� =2, ~Γ3 ¼ ðcþc0Þ=2 and

~Γ1 ¼
c3þ3cx2þ �3c2xþ þx3� �x3þ

12η0
ð38Þ

3.6. Special case II: Constant viscosity oil

If the considered lubricant is oil, the plug flow thickness c0 ¼ 0.
The Reynolds equation (Eq. (22)) reduces to the standard equation
used in classical lubrication theory with ~Γ1 ¼ ð12η0Þ�1c3. For
constant oil viscosity, the velocity profile is given by

vy ¼
p;y
2η0

ðx2�cxÞþ 1�x
c

� �
~U ð39Þ

4. Numerical model development

Both the energy equation and the derived Reynolds equation
can be classified as elliptic Poisson-type PDEs with variable
coefficients. The PDE can be discretized to yield a linear system
Av̂ ¼ b, where v̂ is either the pressure vector p or the temperature
vector θ. In general, for variable coefficients, the linear system
matrix AN�N is sparse, but not necessarily tri-diagonal and non-
symmetric.

The linear system can be solved using direct methods (such as
Gaussian elimination or LU decomposition) or indirect methods
(such as Gauss–Seidel) to calculate an approximate solution ~v . The
direct methods are generally slow for relatively high numbers of
nodes. The disadvantage of indirect methods is that iterative
solvers tend to converge very slowly once the error between
iterations becomes small and smooth on a given grid.

The reason for investigating higher performing numerical
methods is that many iterations are needed for optimization
studies and transient simulations, especially with a very high
number of grid points. One of the fastest numerical algorithms
known today is the Multigrid method (with a convergence rate of
O(N)). As explained in [25], the main idea behind Multigrid
methods is to take advantage of a fast iterative scheme and to

Table 1
Summary of boundary conditions.

Boundary Structure Thermal Fluid

Γ11 Constrained Adiabatic
Γ″12 Free Convection

Γ1=2 FSI FSI FSI

Γ012 Free Convection
Γ13 Loaded Adiabatic
Γ14 Free Adiabatic

Γ21 Temperature Pressure
Γ2=3 FSI FSI FSI
Γ23 Temperature Pressure
Γ2=1 FSI FSI FSI

Γ031 Free Convection

Γ″31 Constrained Adiabatic

Γ32 Free Convection
Γ33 Free Convection
Γ3=2 FSI FSI FSI

Γ034 Free Convection
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represent the residual r¼ b�A ~v on a coarser grid once the error is
smooth enough. The advantage is that a smooth error e¼ v̂� ~v is
eliminated faster on a coarser grid than on a finer grid. The
iteration scheme is such that an initial guess ~v is obtained on a
fine grid. Once the error e is smooth enough, the residual r is
transferred onto a coarser grid (restriction) and the error is
computed by solving Ae¼ r. The iteration procedure (V-cycle)
continues until the error is smoothed on the coarsest grid. Then, a
correction is applied to each approximation until the fine grid is
obtained (prolongation).

The Multigrid method used in the Concept Model follows a
W-cycle that is repeated 3 times until global convergence
(jejo10�8) and 2 iterations are performed between each restric-
tion/prolongation step.

The restricted matrices on the coarser grids are solved using
the preconditioned Bi-CGSTAB algorithm (pre-conditioner
K¼ diagðAÞ), as the linear system for variable material properties
and deformable surfaces is generally non-symmetric. The Bi-
CGSTAB algorithm has been chosen over Gauss–Seidel as the
maximum eigenvalue of A may be close to 1, yielding a very slow
convergence for Gauss–Seidel. The Bi-CGSTAB algorithm has been
chosen over the Bi-CG method because in general, the transpose of
the matrix A is not pre-calculated. The Bi-CGSTAB algorithm is
preferred over the CG method, because the linear system may not
be SPD (e.g., for low sliding speeds).

4.1. Numerical discretization of the Reynolds equation

The modified Reynolds equation for grease flow can be dis-
cretized using finite differences. By using the product rule for
derivation, Eq. (22) becomes

ðρ ~Γ1Þ;yp;yþρ ~Γ1p;yy ¼ ðρ ~U ~Γ2þρv0y ~Γ3Þ;y ð40Þ

By using central differences on a grid with N points that is
numbered using an index i, a matrix system can be formulated
with a tri-diagonal matrix ð0o ioNÞ
tridiag Aði;i�1Þ;Aði;iÞ;Aði;iþ1Þ


 �
N�1�N�1 pi


 �
N�1 ¼ ri½ �N�1 ð41Þ

where ðfor 0o ioNÞ :

Δy2Aði;iÞ ¼ �2ρ ~Γ1ji
4Δy2Aði;i�1Þ ¼ 4ρ ~Γ1jiþ ρ ~Γ1jiþ1�ρ ~Γ1ji�1

� �
4Δy2Aði;iþ1Þ ¼ 4ρ ~Γ1ji� ρ ~Γ1jiþ1�ρ ~Γ1ji�1

� �
ð42Þ

and the right-hand-side vector components are given by

2Δyri ¼ ρ ~U ~Γ2þρv0y ~Γ3

� �
jiþ1� ρ ~U ~Γ2þρv0y ~Γ3

� �
ji�1 ð43Þ

The boundary conditions for the pressure field at y¼0
and y¼ Lc are given by pðy¼ 0Þ ¼ p0 and pðy¼ LcÞ ¼ pLc . This leads
to the discretization p1 ¼ p0 and pN ¼ pLc . The matrix coefficients
of the discretized boundaries are Að2;2Þ ¼ 2;Að2;3Þ ¼ �1 and
AðN�1;N�2Þ ¼ �1;AðN�1;N�1Þ ¼ 2.

4.2. Numerical discretization of the energy equation

The steady-state energy equation shown in Eq. (30) can be
discretized using finite differences on a grid with N�N points and
that is numbered using the grid point index i:

θj
iþ1�2θj

iþθj
i�1 ¼ �Δx2λ�1 ηv2y;x

� �j
i
�Δx2λ�1α vyp;yθ

� �j
i

ð44Þ

where j indicates the nodal position along the lubrication gap
(along y) and i indicates the nodal position across the lubrication
gap (along x). Eq. (44) can be written in a tri-diagonal matrix

system ð0r irNÞ as

tridiag Bj
ði;i�1Þ;B

j
ði;iÞ;B

j
ði;iþ1Þ

h i
N�N

θj
i

h i
N
¼ wj

i

h i
N

ð45Þ

where ðfor 0r irNÞ

Bj
ði;iÞ ¼ �2þΔx2λ�1α vyp;y

� �j
i
; Bj

ði;i�1Þ ¼ 1; Bj
ði;iþ1Þ ¼ 1 ð46Þ

and the right-hand-side vector components are given by

wj
i ¼ �Δx2λ�1 ηv2y;x

� �j
i

ð47Þ

The boundary conditions for the temperature field at x¼0 and

x¼c are not uniform, and are given by θðx¼ 0; yÞ ¼ θ0ðyÞ and

θðx¼ c; yÞ ¼ θcðyÞ. The discretization of the boundary conditions

leads to Bj
ð1;1Þ ¼ 1, Bj

ð1;2Þ ¼ 0 and θj
1 ¼ θ

j
0. Similarly, Bj

ðN;NÞ ¼ 1,

Bj
ðN;N�1Þ ¼ 0 and θj

N ¼ θ
j
c.

5. Validation of the numerical code

5.1. Analytical pressure and velocity fields

For a steady-state case and constant viscosity of oil, Eq. (22) is
simplified using ~Γ1 ¼ ð12η0Þ�1c3 and ~Γ2 ¼ c=2 (for x� ¼ c). The
numerical verification is performed using an analytical solution for
a simply inclined line contact. Full integration of Eq. (22) leads to

pðyÞ ¼
� ηA
c � c;y

� ηA1

2ρc2c;y
þA2 if c;ya0

A3yþA4 if c;y ¼ 0

8><
>: ð48Þ

where A¼ 6 ~U . The application of the boundary conditions
pjy ¼ 0 ¼ pjy ¼ Lc ¼ 0, combined with the conditions for continuity
pjy ¼ y�

0
¼ pjy ¼ yþ

0
and p;yjy ¼ y�

0
¼ p;yjy ¼ yþ

0
, leads to the following

coefficients of Eq. (48):

A1 ¼ �2Aρc0
c0�sþsy�1

0 Lc�c20ðc0þsÞ�1

c0�2sþ2sy�1
0 Lc�c30ðc0þsÞ�2 ð49Þ

A2 ¼ � ηAy0
ðc0þsÞs�

ηA1y0
2ρðc0þsÞ2s

ð50Þ

A3 ¼
Aη
c20

þηA1

ρc30
; A4 ¼ �A3Lc ð51Þ

The velocity field is given as (slider is moving):

vx ¼ 0; vy ¼
p;y
2η

ðx2�cxÞþ 1�x
c

� �
~U ð52Þ

The dimensionless pressure and velocity fields for the case of
constant viscosity and oil are shown in Fig. 5 (numerical and
analytical solutions).

5.2. Analytical temperature field

For constant lubricant properties, and by ignoring compressive
heating, the steady-state energy equation in the lubricant film
domain simplifies to θ;xx ¼ �ηλ�1v2y;x, which can be integrated
twice (using Eq. (52)) to yield

θðx; yÞ ¼ � η
12λ

p;y
η

� �2

x4þA5p;y
3λ

x3�ηA2
5

2λ
x2þA6xþθjx ¼ 0 ð53Þ

where A5 ¼ cp;y=2ηþ ~U=c and where ðfor ca0Þ

A6 ¼
θjx ¼ c�θjx ¼ 0

c
þ η
12λ

p;y
η

� �2

c3�A5p;y
3λ

c2þηA2
5

2λ
c ð54Þ
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The analytical and numerical solutions of the temperature field
are shown in Fig. 6.

5.3. Analytical loads

The analytical dimensionless normal load and the tangential
load component are given in [26] as:

wx � p̂Lc
¼ 6 ln

1þC0

C0

� �
� 12
1þ2C0

; wyjx ¼ c �
p̂
s
¼wx � p̂Lc

ð55Þ

The shear force on the slider is given in [26] as:

w0
yjx ¼ 0 �

p̂
s
¼ 4 ln

C0

1þC0

� �
þ 6
1þ2C0

ð56Þ

Similarly, the shear force on the bearing is given in [26] as:

w0
yjx ¼ c �

p̂
s
¼ 2 ln

C0

1þC0

� �
þ 6
1þ2C0

ð57Þ

5.4. Force equilibrium and friction coefficient

The force equilibrium is only satisfied if:

w0
yjx ¼ 0þw0

yjx ¼ cþwyjx ¼ c ¼ 0 ð58Þ

The friction coefficient is the ratio of the tangential and shear
forces over the applied normal load and can be calculated as (given
analytically by [26]):

μ¼ 2s lnC0�2s lnð1þC0Þþ3sð1þ2C0Þ�1

3Lc ln C0�3Lc lnð1þC0Þþ6Lcð1þ2C0Þ�1 ð59Þ

5.5. Model validation results

The reference case is isothermal and the parameters are
~U ¼ 1:0 m s�1; η0 ¼ 0:025 Pa s; c0=s¼ 0:127. The numerical code
is verified for an inclined slider. The dimensionless forces as well
as the friction coefficient are shown in Table 2.

The pressure and velocity fields (normalized by p̂ ¼ s2

η�1 ~U
�1

L�1
c and ~U respectively) are shown in Fig. 5. The recircula-

tion zone can clearly be distinguished and the pressure profile
matches the analytical solution. In order to validate the tempera-
ture field, the reference case is run for constant viscosity and
shown together with the analytical solution in Fig. 6 (mesh). The
temperature calculation took 159.79 s to run (for 1,050,635 nodes)
and global convergence was reached within 1 global iteration
(error: 7:0321� 10�10).

A summary of the numerical solution in Table 3 highlights the
extreme performance of the developed code. All the validation
simulations were performed on a MacPro computer (4�3.0 GHz,
8 GB RAM).

Although it is not required to solve the governing equations on
a structured mesh with such a high number of grid points to reach
convergence, the high number of grid points has been chosen to
demonstrate the extreme performance of the numerical code.

6. Application to landing gear

6.1. Results and discussion

All the FSI simulations were performed on a Dell Computer
(12�3.47 GHz, 48 GB RAM), although only 8 cores were used. The
fluid 1-D grid consisted of 511 nodes, whereas the 2-D grid had
262,143 nodes. The structural grid in ANSYS had 24,482 elements
(SOLID 186 - 178,731 nodes). The total CPU time for the conver-
gence of steady-state FSI simulation was 17.12 minutes.

The results are shown for the steady-state case ( ~U ¼ 1:0 m s�1;

η0 ¼ 0:025 Pa s; c0=s¼ 0:317) only. The material of the piston and
cylinder is stainless steel and the bearing is made out of Al-Bronze.

Fig. 6. Dimensionless temperature field. Numerical solution (mesh) and analytical
solution (surface).

Table 2
Model validation results.

Code Theory Error (%)

Normal load 3.539 3.540 0.03
Tangential load 3.523 3.539 0.45
Slider shear force �3.945 �3.956 0.29
Friction coefficient 5.8�10�3 5.9� �3 0.09

Table 3
Validation solution summary.

#nodes along gap 1025
#nodes across gap 1025
#nodes 1,050,625
Solution time [s] 3.6
Total number of iterations 2
Pressure iteration error 7.6�10�8Fig. 5. Dimensionless pressure and velocity fields (numerical and analytical

solutions).
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The transient case could be calculated in a similar way, but would not
bring any new insights regarding the plug flow. The velocity profile for
grease is shown in Fig. 7. An interesting observation is that the peak
pressure is much higher for the case of grease than for oil, which is
essentially due to the presence of the plug. The plug reduces the
clearance between both surfaces. A notable fact is that the pressure
peak is reduced for variable viscosity.

The heat flux is calculated and shown in Fig. 8. It can be seen
that the heat flux is not uniform along the lubrication gap
(contrary to the theory of dry friction). The highest heat flux is
at the aft of the slider, and almost no heat is input at the
boundaries of the plug flow region, which acts as an insulator.
The maximum heat flux is at the slider, although the highest share
of the heat is flowing into the bearing surface. The maximum
temperature is highlighted in Fig. 8. The maximum temperature
along the thrust portion of the bearing is not at the center line of
the lubrication gap (contrary to the theory of dry friction).

The relative dimensionless shear stress of the grease flow is
shown in Fig. 9. The plug flow region is shown and the boundaries
of the plug flow region coincide with the predictions of the
theory. The analytical plug flow thickness is given by c0 ¼ cðyÞ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2η ~U jp;yj�1

q
. The friction coefficient results are shown in

Table 4 for the thermal case.

It is remarkable that the plug flow, which is reducing the clearance,
has such an high impact on the friction coefficient. A TEHD simulation
using oil (Newtonian) as a lubricant instead of grease (Non-Newtonian)
over-predicts the friction coefficient by 52.84%.

The dimensionless temperature of the fluid film with adiabatic
structural boundaries is shown in Fig. 10. It can clearly be seen that
in the particular case of grease and in the case of no heat leaving
the fluid film, the maximum temperature occurs at the thrust
portion of the bearing.

For a LG lower bearing, the structure is not adiabatic. Heat
leaves the fluid film and dissipates through the adjacent structure.
It is crucial to consider full FSI, as the temperature fields shown in
Fig. 10 (adiabatic structure) and Fig. 11 (non-adiabatic structure)
are different. The maximum temperature in Fig. 11 does not occur
on the same line as shown in Fig. 10. The maximum temperature
locus is different from the adiabatic case and the temperature
field is non-symmetric across and along the lubrication gap.

Fig. 7. Pressure profiles for grease/oil and isothermal velocity profile (grease).

Fig. 8. Dimensionless heat flux magnitude and maximum temperature (grease –

variable viscosity – adiabatic structure).

Fig. 9. Shear stress (grease – variable viscosity).

Table 4
Comparison of the bearing friction coefficient.

Oil Grease

Slider Bearing Slider Bearing

6.43�10�3 6.44�10�3 2.33�10�3 3.74�10�3

Average: 6.44�10�3 Average: 3.03�10�3

Fig. 10. Dimensionless temperature field and maximum temperature locus (grease
– variable viscosity – adiabatic structure).
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Unexplained uneven damage has been reported on both surfaces.
This non-symmetrically distributed temperature field is likely
responsible for the reported damage. A revealing observation is
that the maximum temperature actually occurs on both surfaces of
the neighboring structure.

As shown in Fig. 11, the maximum temperature occurs at the
surface of the piston in the vicinity of the plug and on the surface
of the bearing in the middle of the lubrication gap (no plug flow).
Further investigation is necessary to fully explain the damage
mechanisms, but first signs of unevenly distributed hot-spots are
shown in Fig. 11.

The structural temperature and shear stress fields are shown in
Fig. 12 for the case of non-adiabatic conditions and grease. Although
the temperature is highest at the bearing interface as shown in

Fig. 11, the highest temperature on the structure occurs at the piston.
This fact is mainly due to forced convection around the structure
(h¼ 50 W m�2). The structural temperature field is non-symmetric
along the lubrication gap. The deformed shape under the application
of the fluid pressure is shown in Fig. 12, and the characteristic lift-off
for a hydrodynamic slider bearing can be recognized. The structural
shear stress field is shown in Fig. 12 and is a result of the generated
friction forces and the applied fluid pressure.

6.2. Integration of TEHD in LG dynamic simulations

In [20], an initial version of an LG thermo-tribo-mechanical (TTM)
model was presented. In order to thoroughly understand the
reported overheating problems, the TTM was refined by combining
the thermo-tribological modules into one TEHD module (see Fig. 13).
As shown in [27], a common model of the friction coefficient is a
function of the sliding speed _s only: μ¼F ð_sÞ. This follows closely the
laws postulated by Coulomb and is very often used to model
mechanical systems. The Characteristic Model presented in [20]
assumed a temperature θ dependency of the friction coefficient
through an empirical model, cut-off at the grease's drop-point θg:
μ¼F 1ð_s;θÞ. The structural components were all considered to be
rigid (d¼ 0) and the loads f, calculated with a simplified beam
model, were used to determine the frictional heat fluxes. Lubrication
was modeled indirectly through a modified friction coefficient. The
temperature at the interface was calculated as being directly propor-
tional to the heat flux such that _θ �F 2ðμ; _s; fÞ.

The factor that has the highest effect on the friction coefficient
is the lubricant's viscosity η, which in general can be written
as η¼Hðθ; f; _γ ð_sÞÞ. The friction coefficient is determined as a
function of the operating conditions (displacement and stroking
frequency), the temperature generated, the materials, and the
geometry configuration C. The structural displacement field d
depends on the load f. Hence, μ¼F 3ð_s;θ;dðfÞ; C; _γ Þ. The TEHD
module calculates the temperatures reached within the lubricant
film by solving the energy equation, which can be generally
written as θ¼F 4ð_s;dðfÞ; CÞ for a specified configuration C (materi-
als and geometry). Therefore, the friction coefficient can be
expressed as μ¼F 5ð_s; f; CÞ. The temperature θ is hence implicit
and does not need to be calculated when calculating the friction
coefficient once F 4 is known for a certain configuration C. The goal
of the TEHD module is to calculate F 4. In the application of a LG
lower bearing, the configuration C (materials and geometry) is the
key factor, as the speeds and loads cannot be changed for a given
rough runway input. The lower bearing materials are generally the
same for each aircraft LG. This implies that the temperature
depends on the geometry only (the lubrication profile or gap). In
the Concept Model, the geometry is given by C : c¼ cðyÞ. It is critical
to mention that an optimal configuration C can be found such that
the temperature at the sliding interface is minimal.

7. Conclusion

In this paper, a Concept Model used to study the thermal
behavior of an aircraft LG lower slider bearing is presented. Three
main conclusions can be drawn from this work. Firstly, the
numerical model is validated against existing analytical solutions.
Special attention is given to the underlying algorithm of the
numerical framework of the FSI simulation and convergence of
the numerical algorithm is shown.

Secondly, the numerical results indicate that there is a notable
difference in fluid flow behavior and in the friction coefficient
between greased and oil-lubricated lower bearings. This fact
should be considered for future non-isothermal LG dynamic
simulations.

Fig. 11. Dimensionless temperature field and maximum temperature locus (grease
– variable viscosity – non-adiabatic structure).

Fig. 12. Dimensionless structural temperature and shear stress fields (grease –

variable viscosity – non-adiabatic structure).
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Thirdly, the model indicates that the temperature field at the
sliding interface is not uniform. The maximum temperature is
found to be at the slider surface in the middle of the bearing and at
the bearing surface at the extremities of the bearing. Further
investigation will determine if the identified non-uniform tem-
perature field is indeed the cause of the reported uneven heat
damage.

The model is steady-state and serves as a proof of concept for
future model developments. A sequence of steady-state simula-
tions, each with initial conditions of the previous run, results in a
transient simulation. Accordingly, a transient 3D model using the
presented theory is currently being developed. Future work will
eventually lead to an industrial solution that may allow aircraft
operators to reduce maintenance costs. Additionally, an industrial
solution may lead to an improved LG system performance.
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